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Abstract 



>, 

f^ \ The standard representation of c*-algebra is used to describe fields in compactified 

J^ ' space-time dimensions characterized by topologies of the type Vj^ = (S"*^) x M . 

iy-\ . The modular operator is generalized to introduce representations of isometry groups. 



The Poincare symmetry is analyzed and then we construct the modular represen- 
f^ ' tation by using linear transformations in the field modes, similar to the Bogoliubov 

transformation. This provides a mechanism for compactification of the Minkowski 
space-time, that follows as a generalization of the Fourier-integral representation of 
the propagator at finite temperature. An important result is that the 2x2 repre- 
^ ' sentation of the real time formalism is not needed. The end result on calculating 

observables is described as a condensate in the ground state. We analyze initially 
the free Klein-Gordon and Dirac fields, and then formulate non-abelian gauge theo- 
ries in r^. Using the S-matrix, the decay of particles is calculated in order to show 
the effect of the compactification. 

Key words: Quantum fields. Topology, Compactification, c*- and Lie algebra 
PACS: ll.lO.Wx, 11.15.-q, 02.20.Qs 



* Corresponding author 

Email addresses: khanna@phys.ualberta.ca (F.C. Khanna), adolfo@cbpf.br 
(A.P.C. Malbouisson), jmalboui@ufba.br (J.M.C. Malbouisson), 
asantana@unb.br (A.E. Santana). 

Preprint submitted to Annals of Physics 29 July 2011 



1 Introduction 



The thermal quantum field theory was proposed by Matsubara pQ, based on an 
imaginary-time defined by a Wick rotation of the time-axis. The propagator is 
written as a Fourier series in the imaginary time, by using the frequencies: a;„ = 
27Tn/f3 (7r(2r2 + l)//3) for bosons (fermions), corresponding to the period (3 = 
T~^, with T being the temperature [2i3]. Using the notion of spectral function, 
as discussed by Kadanof and Baym |4j, Dolan and Jackiw [5J managed to write 
the thermal propagator in a Fourier integral representation, thus restoring 
then time as a real quantity. In other words, the imaginary-time formalism 
is interpreted topologically. It is proved that the temperature is introduced 
in a quantum field theory by writing the original theory, formulated in the 
Minkowski space, M'^, in the compactified manifold F^ = S^ x M^, where 
the compactified dimension is the imaginary time. The circumference of S^ 
is P [6ff7] . It is our objective here to generalize the argument advanced in 
Refs. |1] and [5] to include not only the time but also space coordinates, in 
such way that any set of dimensions of the manifold M^ can be compactified, 
defining a theory in the topology T% = {S^Y x M-^"'^, with 1 < d < D. This 
establishes that the Fourier integral representation is sufficient to deal with the 
general question of compactification in the F^ topology at finite-temperature 
and real-time. To proceed, we have to set forth the general structure for such 
an approach. As a consequence, for the case of F4, that structure provides a 
simplified version of the real-time formalism for finite-temperature quantum 
fields. 

It is well-known that there are two versions for a real-time finite-temperature 
quantum field theory. One was formulated by Schwinger piQllTO] and Keldysh [11] , 
and is based on using a path in the complex time plane [12] . The other is the 
thermofield dynamics (TFD) proposed by Takahashi and Umezawa [13]. In 
this case, the thermal theory is constructed on a Hilbert space and thermal 
effects are introduced by a Bogoliubov transformation [71ll3fl4fl5j . In equilib- 
rium, these two real-time formalisms are basically the same and the propaga- 
tor, G"''', a, 6 = 1, 2, is a 2 X 2 matrix [16j. However, the physical content is 
present only in the component G^^, which is, moreover, just the propagator 
in the Fourier integral representation as studied by Dolan and Jackiw. Such a 
result suggests that a real-time theory may be fully formulated in such a way 
that the propagator is written as a c- number (not as a matrix). This is an 
additional motivation for developing the central theme of this paper, insofar 
as this procedure can be extended to general cases with the topology F^. 

An approach describing systems in compactified spaces is derived as a general- 
ization of both the Matsubara formalism, involving the Fourier series, [6|17fl8lll9] 
and TFD [20] . There are numerous applications of such a formalism, includ- 
ing the Casimir effect for the electromagnetic and fermion fields within a 



box [20f2T| . the X(j)'^ model describing the order parameter for the Ginsburg- 
Landau theory for superconductors [22], and the Gross- Neveu model as an ef- 
fective approach for QCD [23 24J. The extension of this method to the Fourier 
integral representation is important to address many other problems in a topol- 
ogy Tjj that are of interest in different areas, such as cosmology, condensed 
matter and particle physics [25]l2M7ll2M29]l30ll3T]l32ll33ll^^ 
In order to proceed with such a generalization, we rely on algebraic bases, us- 
ing the modular representation of the c*-algebra. 

The c*-algebra has played a central role in the development of functional 
analysis, and has attracted much attention due to its importance in non- 
commutative geometry [^45ll46|ITr] . It was first associated with the quantum 
field theory at finite temperature, through the imaginary time formalism ^48j|. 
Actually, the search for the algebraic structure of the Gibbs ensemble the- 
ory leads to the Tomita-Takesaki, or the standard representation of the c*- 
algebra plHOllSO] . 

For the real-time formalism, the c*-algebra approach was first analyzed by 
Ojima [51j. Later, the use of the Tomita-Takesaki Hilbert space, as the carrier 
space for representations of kinematical groups, was developed [5^|55] , in order 
to build thermal theories from symmetry: that is called the thermo group. 
A result emerging from this analysis is that the tilde-conjugation rules, the 
doubling in TFD, are identified with the modular conjugation of the standard 
representation. In addition, the Bogoliubov transformation, the other basic 
TFD ingredient, corresponds to a linear mapping involving the commutants 
of the von Neumann algebra. This TFD apparatus has been developed and 
applied in a wide range of problems p3|15|54] . In particular, the physical 
interpretation of the doubling of the operators has been identified [7]. 

The doubling of the propagator in real-time formalisms, however, is no longer 
necessary since we consider, as a starting point, the modular group introduced 
in a c*-algebra. This is a result that we prove here, by using the modular rep- 
resentation of the Poincare group. It is worth mentioning that, the modular 
conjugation is defined in order to respect the Lie algebra structure. This proce- 
dure provides a consistent way to define the modular conjugation for fermions; 
which is usually a non-simple task due to a lack of criterion [JT]. Using a Bo- 
goliubov transformation, the effect of compactification in F^ is introduced 
and a Fourier integral representation for the propagator is derived. Initially, 
an analysis is carried out for free boson and fermion fields. An extension of 
the formalism for abelian and non-abelian gauge-fields is introduced by func- 
tional methods. Exploring the canonical formalism, the S-matrix is developed 
and apphed to calculate, as an example, decay rates by considering compacti- 
fied spatial dimensions. It is important to emphasize that, the Feynman rules 
follow in parallel as in the Minkowski space-time theory and that the com- 
pactification corresponds to a process of condensation in the vacuum state. 



The topology then leads naturally to the notion of quasi-particles. 

The paper is organized in the following way. In Section 2, we present elements 
of the standard representation of the c*-algebra, and use it to construct a 
representation theory of quantum fields in F^ topologies. In Section 3, the 
modular representations of Lie algebras are developed. In Section 4, physi- 
cal aspects of the theory are discussed. In Section 5, we construct the path 
integral for determining fields in compactified space-time. In section 6, we 
elaborate the extension of the formalism to an SU{3) gauge theory. In Section 
7, the S'-matrix is developed with application to the analysis of reaction rates. 
Concluding remarks are presented in Section 8. 



2 C*-algebra and compactified propagators 



Let us initially present a resume of some aspects of c*-algebras in order to 
explore representations of Lie groups [52|53] . This sets the basis to built up 
the appropriate generalization of the finite-temperature formalism to also ac- 
commodate spatial compactification. 

A c*-algebra ^ is a von Neumann algebra over the field of complex numbers 
C with two different maps, an involutive mapping * : A ^ A and the norm, 
which is a mapping defined by || ■ || : A ^ M+ [I5]|49|5U] . Let (T-Lw, t!'w{A)) be 
a faithful realization of A, where Tiw is a Hilbert space and iiwiA) : Tiw — )■ Tiw 
is a *-isomorphism of A defined by linear operators in "H^,. Taking | ^«,) G Tiw 
to be normalized, it follows that (^^ | vr^(A) | ^^), for every A ^ A, defines a 
state over A denoted by w^{A) = (^^ | tTw{A) \ C,^)- As was demonstrated by 
Gel'fand, Naimark and Segal (GNS), the inverse is also true; i.e. every state uj 
of a c*-algebra A admits a vector representation | ^«,) G Hw such that w{A) = 
{^w I T^w{A) \ C,u])- This realization is called the GNS construction jl8|49f50] . 
which is valid if the dual coincides with the pre-dual. 

The Tomita-Takesaki (standard) representation is a class of representations of 
c*-algebras introduced as follows. Consider a : "H^ — )■ "H^ to be a (modular) 
conjugation in "H^, that is, a is an anti-linear isometry such that a"^ = 1. 
The set ("H^, 7i^{A)) is a Tomita-Takesaki representation of A, if cr7r^(^)cr = 
TTwiA) defines a * -anti- isomorphism on the linear operators. It follows that 
{Tiw, T^w{A)) is a faithful anti-realization of A. It is to be noted that vf«,(^) is 
the commutant oi tTw^A); i.,e. [tTw{A),71w{A)] = 0. In this representation, the 
state vectors are invariant under a; that is, a \ ^^) =| C^^). As long as there 
is no confusion, elements of the set TiwiA) will be denoted by A and those of 
n^{A) by A. 

With this notation, the tilde and non-tilde operators, defined above by the a 



modular conjugation, have the properties, 

[AiAjj = AiAj, 
\CAi -\- Ajj = C Ai -\- Aj, 

(4)~= iA)\ 

\iw) = \^w) and (^^1 = (^^|. 

These tilde-conjugation rules are derived in TFD in association with prop- 
erties of physical (usually non-interacting) systems and are called the tilde 
conjugation rules 



An interesting aspect of this construction is that properties of *-automorphisms 
in A can be defined through a unitary operator, say A(r), invariant under 
the modular conjugation, i.e. [A(r),(T] = 0. Then writing A(r) as A(r) = 
exp(zrA), where A is the generator of symmetry, we have cxAa = —A. There- 
fore, the generator A is an odd polynomial function oi A — A, i.e. 

oo 

A = fiA-A) = Y.c4A-A)'--^\ (1) 

ra=0 

where the coefficients c„ G M. 

Consider the simple case where cq = 1, c„ = 0, V n 7^ 0, i.e. A = A — A. Taking 
A to be the Hamiltonian, i7, the time-translation generator is given by H . 
The parameter r is related to a Wick rotation such that r — )■ i/3; resulting in 
A(/3) = e~^^ , where /3 = T~^ , T being the temperature. This is the so-called 
modular operator in c*-algebras. As a consequence, a realization for w{A) as 
a Gibbs ensemble average is introduced [48.49ii50| . 

, _ Trje-^-A) 



We now proceed with the generalization of this construction for finite temper- 
ature, corresponding to the compactification of the imaginary time, to accom- 
modate also spatial compactification. To do so, we replace H by the generator 
of space-time translations, P^, in a d-dimensional subspace of a D-dimensional 
Minkowski space-time, M'^, with d < D. Then we generalize Eq. (|2]) to the 
form 

_ Tr(e-"^^-A) 

^~ Tre-°M^^ ' ^' 

where a^ are the group parameters. This leads to the following statement: 



• Proposition 1: For A{x) in the c*-algebra A, there is a function ^^(x), x in 
M^, defined by Eq. (^ such that 

w^ix) =w'X{x + ia), (4) 

where a = (ao, ai, ..., a^-i, 0, . . . , 0). This imphes that w'X{x) is periodic, 
in the (i- dimensional subspace, with ag being the period in the imaginary 
time, i.e. ag = P, and aj = iLj, j = l,...,d — 1, are identified with the 
periodicity in spatial coordinates. 

It is important to be noted that w^(x) preserves the isometry, since it is de- 
fined by elements of the isometry group. Therefore, the theory is defined in 
the topology Tjj = {S^Y x M-^~°'. For the particular case oi d = 1, taking 
ao = /3, we have to identify Eq. (j4]) as the KMS (Kubo-Martin-Schwinger) 
condition [7] . Then by using the GNS construction, a quantum theory in ther- 
mal equilibrium is equivalent to taking this theory in a r\) topology in the 
imaginary-time axis, where the circumference of §^ is /3, as it is well known. 
The generahzation of this result for space coordinates is given by Eq. (jl]); it 
corresponds to the generalized KMS condition for field theories in toroidal 
spaces (E>^Y x M'^^'^. On the other hand the average given in Eq. ([3]) can also 
be written as 

w'X{x)^{aA{x)\0- (5) 

In the next section, we turn our attention to constructing the state |^2) ex- 
plicitly. 

Let us consider, as an example, the free propagator for the Klein-Gordon-field. 
In this case the Lagrangian density is 

1 m 

C = -d,^ix)d^<Pix) - — 0(x)2, 

and we take 

A{x,x') = T[(j){x)(f){x')], 

where T is the time-ordering operator. The propagator for the compactified 
field is Go{x — x';a) = w'X^x, x'), that is 

Tr(e-"^^'^T(/)(x)(/)(xO) 
Go{x-x;a) = ^^^^z^. • (6) 

The generalized KMS condition, Eq. (j4]), then allows us to write the series- 
integral representation, corresponding to a modified Matsubara prescription, 
i.e. 

Gnix — x'\a) = —. y^ I -. , r^ , -— , (7) 



where K = «„ K-..., kt-\ ,k''..., k""-'), with 



n 



ki = 1, 0<j<d-l, 

aj 

j e Z and (i^~'^k = dk'^dk'^'^^ ■ ■ ■ dk^~^. In what follows, we employ the name 
Matsubara representation (or prescription) referring to both time and space 
compactification. The Green function Gq{x — x'\ a) is a solution of the Klein- 
Gordon equation since w% by definition, respects the isometry. This means 
that Gq{x — x'] a) is the Green function of a boson field defined locally in the 
Minskowki space-time. Globally this theory is such that Gq[x — x'\ a) has to 
satisfy periodic boundary conditions. These facts assure us that Go{x — x'\ a) 
is the Green function of a field theory defined in a hyper-torus, F^ = (S^)'^ x 
M^^"', with 1 < (i < D, where the circumference of the j-th S^ is specified 
by ay Then we can proceed to study representations in terms of the spectral 
function, as derived for the case of temperature by Dolan and Jackiw [5]. We 
first consider one-compactified dimension as an example, following the detailed 
calculation presented in the Appendix. 

Take the topology F^ where the imaginary time-axis is compactified. In this 
case, we denote, a = {/3,0, . . . ,0) = /3nQ, uq = (1,0,..., 0), with T = f3~^ 
being the temperature, such that the Green function is given by 



G.(x-.;ffl = ^i:/ 



1 r d^-^k (,-iW{^-y) 



where kl^^ = {k'l^, k^, . . . , k^~^), with kf^ = 27r/o//3, being the Matsubara fre- 
quency. Then this propagator is mapped, by an analytical continuation, into 
a Fourier integral representation given by 

Go(x - y; /3) = / ^e-'^'^^-y'^ G,{k- (3), (8) 



where 
and 



Go{k; 13) = Go{k) + fi,{k')[Go{k) - G*,{k)] 



^0 = 1 



which is the boson distribution function at temperature T with ujk = k^ ■ Then 
we have 

Go{k- /3) = ,„ ~\ , . + n(A;0; I3)2m5{k'' - m"), 

In the case of compactification of the coordinate x^, for the topology F]^, we 
take a = (0, iLi, 0, . . . , 0) = iLifii, with ni = (0, 1, 0, . . . , 0). The factor i in 
the parameter aj corresponding to the compactification of a space coordinate 



makes explicit that we are working with the Minkowski metric; the period in 
the x^ direction is real and equal to Li. The propagator has the Matsubara 
representation 

1 r d^~^\<i Q-ih^-(^-y) 



G„(x-yiL,) = ^i:/p^prTi^ 



\'^ — ■rrj'^ 



iTL'^ + le 



where /c/j = (A;°, A;/ , A;^, . . . , A;^""*^), with k] = 2ttIi/Li. The Fourier-integral 
representation can be derived along the same way as in the case of tempera- 
ture [7], leading to 

Go{x - y; L,) = J ^g-^'^^^"^) Go{k; L^), 

where 

Goik; Li) = ~\ + hAk')2m6ie - m^), 

with 

oo 

As another example, we consider the topology r|,, accounting for a double 
compactification, one being the imaginary time and the other the x^ direction. 
In this case a = {/3, iLi, 0, . . . , 0) = /3no+iLini. The Matsubara representation 
is 

Gq{x — y; l3, Li) = 2_^ / \n_2T1 \2 2 1 • ' 

where h^i^ = {k^, kl,k'^, ..., k^-^), with k^ = 27r/o//3 and kl = 2nh/Li. The 
corresponding Fourier-integral representations is 

Go{x - y; /3, L,) = J ^^e'^'^^^-^) Go{k; /3, L,), 

where 

Goik; /3, Li) = '\ . + fpL, {k\ k')2m5ie - m'), 

k"^ — m'^ + te 

with 

f^L^k', k') = fp{e) + hAk') + 2fp{e)fL,{k'). 
In the Appendix we demonstrate this result, as well as the generalization for d 
compactified dimensions. In any case, the general structure of the propagator 
is given by 

Go{x -y;a) = J -^e'^'^^-y^ Go{k; a), (9) 

where 

Goik; a) = Go{k) + fa{ka)[Go{k) - G*,{k)]^ (10) 



This is one of the main result in this paper. The next step is to consider 
interacting systems in a topology Tjj. Before that, we have to finish the GNS 
construction for this case. 



-Lie algebras and field theory 



Our main goal in this section is to demonstrate the existence of the states 
|(^^), introduced in Eq. (jS]), as a second part of the GNS construction. For 
that, we study first general elements of representations for Lie algebras, by 
using the modular representations of a c*-algebra. Applying the results for 
the Poincare group, we analyze representations describing free bosons and 
fermions compactified in space-time. 



3.1 Modular representation and Lie groups 



Consider i = {ai,i = 1,2,3,...} a Lie algebra over the (real) field M, of a 
Lie group Q, characterized by the algebraic relations {ai,aj) = Cijkttk, where 
Cijk G M are the structure constants and (, ) is the Lie product (we are assum- 
ing the convention of summation over repeated indices). Using the modular 
conjugation, *-representations for i, denoted by *i, are constructed. Let us 
take vr(£), a representation for £ as a von Neumann algebra, and 7f(£) as the 
representation for the correspondent commutant. Each element in i is denoted 
by 7r(aj) = Ai and 7f(aj) = Af, thus we have [55], 

[Ai, Aj] = -iCijkAk, (11) 

[Ai, Aj] = iCijkAk, (12) 

[Ai,A,]=0. (13) 

This provides a reducible representation for i without an apparent physical or 
mathematical outcome of interest. However, a careful analysis brings out facts 
that are important, at least, in physics. The modular generators of symmetry 
are given hj A = A — A. Then we have from Eqs. (TTT]) -( 1T3|) that the *i algebra 
is given by 

[A, A,] = tC.jkAk, (14) 

[Ai, Aj\ = iGijkAk, (,15) 

[Ai, Aj] = tCijkAk. (16) 

This is just the semidirect product of the faithful representation 7r(aj) = Ai 
and the other faithful representation 7i{Ai) = Ai, with 7r(ai) providing ele- 
ments of the invariant subalgebra. This is the proof of the following statement: 



• Proposition 2. Consider the Toniita-Takesaki representation, where the von 
Neumann algebra is a Lie algebra, i. Then the modular representation for 
i is given by Eqs. f ll4p -fll6l). the *£-algebra, where the invariant subalgebra 
describes properties of observables of the theory, that are transformed under 
the symmetry defined by the generators of modular transformations. 

Another aspect to be explored is a set of linear mappings f/(0 • t^w{A) x 
Ti'wi.-A) -^ T^wi.-^) X T^w{-A) with the characteristics of a Bogoliubov transfor- 
mation, i.e. f/(0 is canonical, in the sense of keeping the algebraic relations, 
and unitary but only for a finite dimensional basis. Then we have a group 
with elements f/(0 specified by the parameters ^. This is due to the two 
commutant sets in the von Neumann algebra. The characteristic of f/(0 as 
a linear mapping is guaranteed by the canonical invariance of *L In terms of 
generators of symmetry and tilde operators we obtain, 

A{i) = U{OAU{0-\ 

i(0 = u{OAU{0-\ 

such that 

[A{0^,AiO,]=^Q,kA{Ok, 

[^(O.,^(0,]=o. 



The goal here is to use U{$,) to construct explicitly the states w\{x) introduced 
in Eq. (jlj), describing fields in a F^ topology. For the Poincare algebra, for 
instance, we have the *-Poincare Lie algebra (*p) given by 

[M^., Pa] = ^{guaP^. - ga^P.), (17) 

[P>.,P.] = 0, (18) 

[M^., M^p] = -i{gppM,„ - g.pM^a + g^^Mp, - g.^Mp^), (19) 

[Mp,, P^] = -i{g,^Pp - g^pPu), (20) 

jPpJ',] = 0, _ _ _ _ (21) 

[Mp,, M„p] = i{gppM,„ - g.pMp^ + QpMpu - g.aMpp), (22) 

where Mp, = Mp,{^), Mp, = Mp,{i), Pp = Pp{^) and Pp = Pp{^). All other 
commutation relations are zero. For this algebra, we obtain representations 
for generators of symmetry. Generators of the Poincare symmetry are given 
by Mpy = Mpy — Mpy and Pp = Pp — Pp and satisfy the commutation relations 
similar to those given by Eqs. (ini) - (TTB|l . The representations are constructed 



10 



by using a set of Casimir invariants, i.e. 



w^ = w^w'', (23) 

P' = Pf.P^, (24) 

w"^ = w^w^, (25) 

P2 = p^p^' (26) 



where w^ = ^e^yapM^'^PP is the Pauh-Lubanski vector. 



3.2 Boson fields 



Let us consider a free quantum field describing bosons. The modular conju- 
gation rules can be applied to any relation among the dynamical variables, in 
particular to the equation of motion in the Heisenberg picture. The set of dou- 
bled equations are then derived by writing the hat-Hamiltonian, the generator 
of time translation, as H = H — H. However, due to the GNS construction, we 
need to consider only the evolution of the Lagrangian for non-tilde operators, 
evolving in space-time by the generators of *p. In this case the time evolution 
generator is H. Then we have the Lagrangian densities £(x) and C{x; C,) given, 
respectively, by 

1 in 

^(^) = ^d,<Pix)d^<Pix) - — 0(x)^ (27) 



1 m 



C{x- = -d,<p{x- Od^<p{x- - —<p{x- 0^ (2J 



where the field 0(x; ^) is defined by 

<P{x-i) = U{i)<P{x)U-\i). 

The mapping U{^) is taken as a Bogoliubov transformation and is defined, 
as usual, by a two-mode squeezed operator. For fields expanded in terms of 
modes, we define 

= X{U{k-i), (29) 

k 

where 

U{k^- = exp{^(A;5; 0[ci\k)a\k) - a{k)a{k)]], 

with 0{k^;C,) being a function of the momentum, k^, and of the parameters 
^, both to be specified. The label k in the sum and in the product of the 



11 



equations above is to be taken in the continuum limit, for each mode. Then 
we have 

Hx;0 = l£^,^Hk;Oe-'''' + aHk;Oe''% (30) 

To obtain this expression, we have used the non-zero commutation relations 

[aik; 0, a^ik'; 0] = (27r)32A;o5(k - k'), (31) 

with 

a{k;0 = U{k^;0<k)U-\k^;0 

= u{k^; O^ik) - v{k^; a\k), 

where u{k^; ^) and v{k^; ^) are given in terms of 0{k^; ^) by 

uik^;0 = coshe{k^;^), 
i;(fc5;0 = sinh^(A;^;0. 

The inverse is 

a{k) = u{k^; ^aik; + v{k^; a^ik; 0, 

such that the other operators a'^{k),a{k) and a''"(A;) are obtained by applying 
the hermitian conjugation or the tilde conjugation, or both. 

It is worth noting that the transformation U{^) can be mapped into a 2 x 2 
representation of the Bogoliubov transformation, i.e. 

B(%0^f*^«'-"'*^^^'l. (32, 

\-v{k^;0 u{k^;0 J 

with v?(k^; ^) — v^{k^; ^) = 1, acting on the pair of commutant operators as 

( a(k;n\ I aik) 

[a^{k;0) [a^k) 

A Bogoliubov transformation of this type gives rise to a compact and elegant 
2x2 representation of the propagator in the real-time formalism. However, 
to derive and use a quantum field theory in a topology Tjj following the GNS 
construction, we observe that this matrix representation for the propagator is 
indeed not necessary. This aspect is useful for applications, in particular to 
represent an ease in the calculations of physical processes. 

The Hilbert space is constructed from the ,^-state, |0(.^)) = f/(^)|0,0), where 
|0, 0) = 0|O,O)fe and |0,0)fe is the vacuum for the mode k. Then we have: 

a{k;0\m) = a{k;0\m) = and (0(O|0(O) = 1- This shows that |0(O) is 
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a vacuum for ^-operators a{k; ^). However, it is a condensate for the operators 
a and a^ An arbitrary basis vector is given in the form 

mO; {m}; {k}) = [a\k,; OY^' ■ ■ ■ MI^m; 0]™" 

x[St(A;i;Or---[Sn^7v;Or|0(O), (33) 

where n^, rrij = 0, 1, 2, ..., with A^ and M being indices for an arbitrary mode. 

Consider only one field-mode, for simplicity. Then we write |0(^)) in terms of 
m(^) and v{^) as 

This provides an explicit example of states in the GNS construction for a 
quantum field theory in a topology F^. Since the state \0{^)) is a trace-like 
state, this leads to the state w'^{x). At this point, the physical meaning of an 
arbitrary ^-state given in Eq. fl55]) is not estabhshed. This aspect is discussed 
by considering the Green function defined by 

Goix-y;0 = -^(O(e)|T[0(x)0(y)]|O(O). 

We demand then that Go{x — y;^) = Go{x — y;a), where Go{x — y; a) is given 
in Eq. ([6]). Using U{C,) in Eq. (!29|) . we find that the ^-Green function is written 
as 

Goix - y; = -*(0, O|T[0(x; O0(l/; O]|0, 0). 
Then, using the field expansion fl30l) and the commutation relation fl3Tl) . we 
obtain 

Goix -y;0 = J ^^"^'^'"'^ Go{k- 0, (35) 

where 

Goik;0 = Goik) + v'ik^;0[Goik) - G*(A;)]. 

This propagator is formally identical to Go{x — y]a) written in the integral 
representation given by Eqs. iQ and flTOj) . Then the analysis in terms of rep- 
resentation of Lie-groups and the Bogoliubov transformation leads to the in- 
tegral representation by performing the mapping t>^(fc^;^) — >■ /q(/Cq,). Notice 
that this is possible, since v^(/c^; C) has not been fully specified up to this point. 
Considering the specific case of compactification in time, in order to describe 
temperature only, the real quantity v'^{k^;^) is mapped in the real quantity 
fi3{w) = n{/3). Including space compactification, faika) is a complex function, 
according to Appendix. In such a case, we can consider fa{ka) as the analyt- 
ical continuation of the real function v'^{k^;^)] a procedure that is possible. 
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since, v'^{k^;^) is arbitrary. Therefore, for space compactification, we can also 
perform the mapping v^{k^;^) — )■ faika) in Go(fc;0) i'^ order to recover the 
propagator shown in Eqs. Q and fllOl) . From now on, we denote the vector 
\iZ) by \oi) and the function fa{ka) by w^(fc„;a). 



3. 3 Fermion field 



A similar mathematical structure is introduced for the compactification of 
fermion fields. With the average given in Eq. ([3]), w^{x) = {a\A{x)\a) , A{x) 
is defined in terms of fermion operators. We have first to construct the state 
I a) explicitly. 

The Lagrangian density for the free Dirac field is 



1-, 



47:> 



C{x) = -ip{x) ^ ■ i d — m ^{x) (36) 



and for the a-field we have 



1- 



^r& 



C{x; a) = -ijj{x; a) ^-id —m ijj{x;a). (37) 

The field ipi^', ct) is expanded as 

H^; «) = / £^iY^ E [^dk; a)u^'^\k)e-^'- + d\{k- a)v^^\k)e 



ikx 



where u^^'{k) and v^'^\k) are basic spinors. The fermion field ip{x', a) is defined 
by 

ip{x;a) = U{a)4'{x)U~'^{a), 

where U{a) is 



U{a) = exp \ J2{^c{k; a)[c\kp{k) - c{k)d{k)] 



+ed{k; a)[d\k)d\k) - d{k)d{k)]}} 



J[U,ik;a)U,ik;a) 

k 



with 



U,{k-a)=e^^{ec{k-a)[c\k)^{k)-c{k)c{k)]}, 
Ud{k;a)=exp{ed{k;a)[d\k)d\k)-d{k)d{k)]}. 
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The fermion a-operators c{k; a) and d{k; a) are written in terms of non a- 
operators by 

c{k; a) = U{a)c{k)U-\a) = U{k; a)c{k)U-\k; a) 

= Uc{k; a)c{k) — Vc{k; a)c'{k), 
d{k- a) = U{a)d{k)U-\a) = U{k; a)d{k)U'\k; a) 

= Ud{k; a)d{k) — Vd{k; a)d\k). 

The parameters 9c{k; a) and 9d{k; a) are such that sin 9c{k; a) = Vc(ka', «), and 
sva.9d{k] a) = Vd{ka] «), resulting in vlika] en) + ulika, a) = 1 and v^ika] o) + 
v?d{ka] Oi) = 1. The inverse formulas for the a-operators are 

c{k) = Uc{ka', a)c{k; a) + Vc{ka', a)c^{k; a), 
d{k) = Ud{ka', a)d{k] a) + Vd{k] a)d\k; a). 

Observe that the operators c and d carry a spin index. 

These operators satisfy the anti-commutation relations 

{c^{k,a),ci{k',a)} = {d^{k,a),dUk',a)} = {27rf'^6{k-k')S^^, 

with all the other anti-commutation relations being zero. In order to be con- 
sistent with the Lie algebra, and with the definition of the a -operators, 

a fermion operator. A, is such that A = —A and a tilde-fermion operator 
anti-commutes with a non-tilde operator. This is consistent in the following 
sense. Consider, for instance, c{k;a) = U{k;a)c{k)U^^{k;a) and c{k;a) = 
U{k; a)c{k)U~^{k; a). In order to map c{k; a) — > c{k; a) by using the modular 
conjugation, directly, it leads to c{k) = —c{k). This is important to preserve 
the canonical structure of U{k;a), regarding in particular the *Lie-algebra. 
This analysis provides then a precise and simple way to define the modular 
conjugation for fermions. 

Let us define the a-state |0(a)) = f/(a)|0,0), where 

|0,0)=(g)|0,0)fe 

k 

and |0, 0)a; is the vacuum for the mode k for particles and anti-particles. This 
a-state satisfies the condition (0(a) 1 0(a)) = 1. Moreover, we have 

c(A;;a)|0(a)) = c(A;;a)|0(a)) = 0, 
d{k; a)\0{a)) = d{k; a)\0{a)) = 0. 
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Then |0(q;)) is a vacuum state for the a-operators c{k;a) and d{k;a). Basis 
vectors are given in the form 

[c^ih; a)Y' ■ ■ ■ [d^iku; a)Y'"pik,; a)Y' ■ ■ ■ [d^{kr,; a)]^-|0(a)), 

where ri,Si = 0,1. A general a-state can then be defined by a hnear combina- 
tions of such basis vectors. 

Let us consider some particular cases, first, the case of temperature. The 
topology is r^, and we take a = {(3,0, ... ,0), leading to 



viik";P) 



''^^"' ' ^ ' ^|i{w^-^J.c) _|_ ]_ ■ 



vl{k^:P) ' 



l3{wk+lJ.d) -\- X' 



where Hc and fi^ are the chemical potential for particles and antiparticles, 
respectively. For simplicity, we take fie = fJ'd = 0, and write vpik^', f3) = 
VcikP] (3) = VdikP] (3), such that 

1 oo 

^ "T -L n=l 

For the case of spatial compactification, we take a = (0, iLi, 0, . . . , 0). By a 
kind of Wick rotation, we derive Vp{k^; Li) from Vp{k^; /3), resulting in 

oo 
n=l 

For spatial compactification and temperature, we have (see the Appendix) 
4(A;°, k'; (3, Li) = vl{k^- (3) + vl{k^- Li) + 2vl{k^- /3)vUk'; L,). 

The a-Green function is defined by 5*0(3;, y; a) = w'X{x,y) = {0{a)\A{x,y)\0{a)), 
where A{x,y) = T[ip{x)^{y)]. Then we have 

So{x -y;a) = -t{0{a)\T[^{x)^{y)]\0{a)). (38) 

Let us write 

iSo{x — y;a) = 9{x^ — y^)S{x — y;a) — 6{%P — x^)S{y — x; a), (39) 

with S{x—y; a) = {0{a)\^p{x)^p{y)\0{a)) and S{x—y; a) = {0{a)\tp{y)ip{x)\0{a)). 
Calculating S and S we obtain 
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d^-^k 1 
S{x — y;a) = {i'y ■ d + m) 



(27r)^-i 2uk 
For the term S'(x — y; a), we have 



— d^^^k 1 

S'(x — ?/; a) = (27 ■ 9 + m) 



h 



(27r)^-i 2uJk 

This leads to 

5*0(0; - y; a) = {i-f ■ d + m)GQ{x - y; a), (40) 

where 

G^ix -y;a) = J £^e~^"^^-y^G^{k- a), (41) 

and 

G^{k;a) = Go{k) + vUka;a)[Goik)-Glik)]. (42) 

This Green function is similar to the boson Green function, Eq. (135|1 : the 
difference is the fermion function Vp{ka; a). Again we observe that, due to the 
GNS construction, the 2 x 2-representation of the propagator is not necessary, 
although it can be introduced. In such a case the Bogoliubov transformation 
is written in the form of a 2 x 2 matrix for particles (subindex c) and anti- 
particles (subindex d) is 

i?c,d(fc.; a) = I "'"^ ' "''^ "' ^ I . (43) 

-Vcdika] a) Uc,d{ka] a) 



4 Generating functional 

We now construct the generating functional for interacting fields living in a 
flat space with topology F^. 

4-1 Bosons 

For a system of free bosons, we consider, up to normalization factors, the 
following generating functional 

Zo ~ f Dcpe''^ = f Dcpexpli f dxC] = f Dcpexpi-i f dx[-^{D+m'^)(j)-J(p]}, 

(44) 
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where J is a source. Such a functional is written as 

Zo~exp{^ f dxdy[J{x){D + m^ - ieyKj{y)]}, (45) 

describing the usual generating functional for bosons. However, we would like 
to introduce the topology F^. This is possible by finding a solution of the 
Klein-Gordon equation 

{n + Tji^ + ie)Go{x-y;a) = -6{x-y). (46) 

Using this result in Eq. fHSj) . we find the normalized functional 



Zo[J; a] = exp{- / dxdy[J{x)Go{x - y; a)J{y)]}. (47) 

Then we have 

^°^""^'"^ = ^ ^J(y)Mx) '-^-°- 
In order to treat interactions, we analyze the usual approach with the a-Green 
function. The Lagrangian density is 

1 7TI 

^{x) = ^d^ct>{x)d^ct>{x) - —(j)' + C,nt, 

where Cmt = Cint{<i)) is the interaction Lagrangian density. The functional 
Z[J\ a] satisfies the equation 

(D + m)^|[^ + L,„, (-^\ Z[J- a] = J{x)Z[J- a] 
ioJ[x) \t oJ J 

with the normalized solution given by 



exp 

Z[J; a 



J dxLint y-^jjj Zq[J 



a\ 



exp 



j dxLint ijjj) Zo[J;a]|j=o 



Observe that the topology does not change the interaction. This is a conse- 
quence of the isomorphism and the fact that we are considering a local inter- 
action. Now we turn our attention to construct the a-generator functional for 
fermions. 



4-2 Fermions 

The Lagrangian density for a free fermion system with sources is 

£ = iip'j^dij^ip — rm/jip + iprj + rjijj. 



The functional Zq ^ / DipDilje"^^ is then reduced to 

Z4n.W,^]^eM-ijd.MV('^)S,(.-y;aH.)]], (48) 

where 

So{x - y; a)"'^ = iYd^-m. 

Since So{x — y; a)^^SQ{x — y; a) = 6{x — y), and Go{x — y; a) satisfies Eq. fHB]) . 
we find 

So{x — y; a) = {i'j ■ d + 7n)GQ{x — y; a). 

The functional given in Eq. (HHj) provides the same expression for the propa- 
gator, as derived in the canonical formalism, i.e. 

So{x-y;a) = i-^=^Zo[r],T];a]\r,=rj=o. 



For interacting fields, we obtain 



exp 

Z[ri,ri;a 



■jdxLM{^^;]il)]Zo[n,v,a 



exp 



IdxL.nt{\^;\l)]Zo[v 



/, v, a\ \rj=n=o 



It is important to note that, when a — )■ oo we have to recover the fiat space- 
time field theory, for both bosons and fermions. 



4-3 Gauge fields 

The Lagrangian density for quantum chromo dynamics is given by 



- ^(d^A^ix))' + A;{x)fJ^ (x) + d>^x*{x)D^x{y), 

where 

F;, = d.Alix) - d.A^ix) + gc^^'A;ix)Aiix) 

and Ffj_i, = J2 F'Lj,f is the field tensor describing gluons; f and d'^^ are, re- 

r 

spectively, generators and structure constants of the gauge group S'f/(3); the 
covariant derivative is given by D^ = d^ + igA^ = d^ + igA^^{x)f and ip{x) 
is the quark field, including the fiavor and color components. The ghost field 
is given by x(x). The quantity -^{d'^ A^^{x)Y is the gauge term, with a being 
the gauge-fixing parameter. 

The generating functional using the Lagrangian density £ is 
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Z[J, V, V, e, r] = / DADijDi^DxDx* 

X exp i d^x (C + AJ + fj2/j + iJr] + Cx + X*^ 

where ^* and ^ are Grassmann variables describing sources for ghost fields, 
and rj and rj are the Grassman-variable sources for quarks fields, and J stands 
for the source of the gluon-field. Notice that we are using non-tilde fields, in 
such a way that the propagator is a c-number. 

We write the Lagrangian density in terms of interacting and noninteracting 
parts: C = Cq + Cj with Cq = Cq + Cq^ + Cq, where C^ is the free gauge 
field contribution including a gauge fixing term, i.e. 



1 



£G = --{d^Al - d,.Af/)id^'A''' - d'A^"^) - — (9^a;)2. 



The term Cq^ corresponds to the Faddeev-Popov field, 

and Cq describes the quark field, 

Cq = i^{x)[y ■ id — m]^{x). 
The interaction term is 

Ci = -^-d-'\d^Al - d,Al)A^^A'- 



Following steps similar to those in the scalar field case, we write for the gauge 
field 

Z^^^'\J] = exp{^ J dxdy[J^{x)Dt;l{x - y- a)r{y), 
where 





r)(rs)t^iy ( ^ _ f d k -ikx p,(rs)tlU . r 




Uq {x,a) J ,2tx\d '^ ' 


with 






Dt'^^\k-a) = 5^^d^''{k)GQ{x-y-a), 


and 
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For the Fadeev-Popov field we have 

Zr[l^]=exp{'-Jdxdy[ax)Go{x-y;any)]}, 

where ^ and $^ are Grassmann variables. It is important to note that Go{x - 
y; a) is the propagator for the scalar field. Then we write the full generating 
functional for the non-abelian gauge field as 

Z\JJ ^- 1 ^ ^[9source]Zo[J,^,^,r],r]] 
£■ [d source] Zq [OJ 

where 



^ \y source] exp 

and 



■ u T (^lA lA lA lA lA' 



Zo[0] = Z^^-\j]Zr-\l^]Z^^-\ri,r]]\,^-^^^^-^^^,. 

As an example, we derive the gluon- quark- quark three point function to order 
9, 



G {xi,X2,X3;a) = -t 



(27r)^ (27r)^ 
X exp i{-pi ■XI+P2-X2 + {pi - P2) ■ x:i}d^y 
X 5*0(^1; a)YSQ{pi] a)Do{pi - P2] a)- 

We observe that (^^(xi, 0:2,3:3; a) has a part independent of the topology, i.e. 
the fiat space contribution G^(a;i, X2, x^). This is due to the form of the integral 
representation of the propagators 5*0(^1; a) and -Do(pi — P2; «) and represent 
a general property of the theory. 



5 S'-Matrix and reaction rates 



In this section we explore the notion of the S'-matrix, using the GNS con- 
struction as presented earlier. We use the canonical formalism for abelian 
fields and derive the reaction rate formulas as functions of parameters de- 
scribing the space-time compactification, particularizing our discussion to the 
4-dimensional Minkowski space. 
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5.1 S -Matrix 

Consider a field operator 0(x) such that 

hm 0(x;a) = 0j„(a;;a), 

t— ^— oo 

hm 0(a;;a) = 0o„i(x;a), 

t— >-oo 

where (pmix; a) and 4>out{x; a) stand for the in- and out-fields before and after 
interaction takes place, respectively. These two fields are assumed to be related 
by a canonical transformation 

4>out{x] a) = 5'"Vm(a;; a)S, 
where S* is a unitary operator. 

We define the evolution operator, U{t,t'), relating the interacting field to the 
incoming field, i.e 

0(x; a) = U-\t, -oo)(pin{x; a)U{t, -cx)), (49) 

with f/(— oo, — oo) = 1. The operator 0(x; a) satisfies the Heisenberg equation 

—idi,(j){x; a) = [H,(f){x;a)], 

where the generator of time translation, H, is written as H = Hq + Hj, with 
Ho and Hj being the free-particle and interaction Hamiltonians, respectively. 
The field 4>in{x; a) satisfies 

- idt(pin{x; a) = [Hq, 4>in{x; a)]. (50) 

Requiring unitarity of U{t,t'), we have 

dt{U{t,t')U-\t,t'))=0. 

In addition, from Eq. (H^ we have 

dt(j)in{x; a) = dt[U(t, -cx))0(x; a)f/"^(t, -oo)] 

= [U{t, -oo)dtU-\t, -oo) + iH, 0i„(x; a)]. 

Comparing with Eq. fISU]) . we obtain 

idtU{t, -oo) = Hi{t)U{t, -oo). 

This equation is written as, 

U{t,-oo) = I -i [ dtiHi{ti)U{ti,-oo), 
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that is solved by iteration, resulting in 



U{t,-oo) = I -i dtiHi{ti) + {-i) 



t fti 



dtidt2Hi{ti) Hi{t2) + .. 



— oo J — oo 



+ H, 

Texp 



tji-i 



dh...dtnHj{ti) ...Hi{tn) + ... 



dt'Hiit') 



where T is the time-ordering operator. 

The S-matrix is defined by 5 = limi_j,oo U{t, — oo), such that 5* = Z^^o S^"'\ 
where 

' —i']'^ poo poo 1-.,^ -, 

dh...dtnT Hj{ti) ...Hi{tn) 



Then we have 



n\ 



S = 1 exp 



dt'Hi{t') 



The transition operator, T , is defined by T = S — I. Observe that H{a) = H, 
and in the definition of the 5'-niatrix there is no need to introduce a tilde S- 
matrix, as is the case of TFD [7]. Here this is a consequence of the GNS 
construction. 



5.2 Reaction rates 

Consider the scattering process 

P1+P2 + ■■■+Pr -^ P'l + P2 + ... + p'r, 

where Pi and p[ are momenta of the particles in the initial and final state, 
respectively. The amplitude for this process is obtained by the usual Feynman 
rules as 



(/|5K) = E(/I^^"M^) 



n=0 



where \i) = aj,_^aj^^...aj,^ |0) and |/) = al,al, ...a^, |0) with |0) being the vacuum 
state, such that Op |0) = 0. For the topology F^, a similar procedure may be 
used by just replacing \i) and |/) states for \i;a) and \f]a) . The amplitude 
for the process is then given as 



(/; a\ S \i; a) = J2 (/5 «l -S"" K; «) 

n=0 
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where 



\i; a) = aj^(a)aj^(a)...aj^(a) |0(a)) , 
I/; a) = al (a)aL (a)...al, (a) |0(a)) , 



The vacuum state in the topology F^ is given by |0(q;)). As emphasized earher, 
the phase-space factors are not changed by the topology. The meaning of these 
states is described in Section IV. 

The differential cross-section for the particular process 

Pi + P2 -> P'l + P2 + ■■■ + P'r 

is given by 



da={2nf6\p[+p'^+p', + ...+p',-pi -P2) 

X — 11(2^0 n 77jJ^ \Mda)f , (51) 



4E,E2Vrei Y' ^ f^\ (27r)32£;^ 



where E'j = Jm^ + p^^ and Vrei is the relative velocity of the two initial 
particles with 3- momenta pi and p2. The factor 2m j appears for each lepton 
in the initial and final state. Here Ei and E2 are the energies of the two 
particles with momenta pi and p2, respectively. The amplitude Mfi is related 
to the S'-matrix element by 



(/; a\ S \i- a) = i {2nf Mf,{a) \{ (^) " [] 



2VEf^ 



5\pf-p.). (52) 



Here pf and pi are the total 4-momenta in the final and initial state, respec- 
tively. The product extends over all the external fermions and bosons, with Ei 
and Ef being the energy of particles in the initial and final states, respectively 
and V is the volume. 



5.3 Decay of particles 

Consider the decay of the boson field a into vr , with an interaction Lagrangian 
density given by 

£/ = Ao'(a;)7r {x)'k{x). (53) 

The initial and final states in F^ are, respectively. 



\i;a) =4(a)|0(a)) 
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and 

\f;a) = bl{a)bl{a)\0{a)), 

where al.{a) and bl{a) are creation operators in the topology Tjj for the a- 
and TT- particles, respectively, with momenta k. At the tree level, the transition 
matrix element is 



(/; a\ S \r, a) =iX / dx (0(q;)| bk2{ct)bki{a) 

X [a(x)n(x)n(x) — d'(x)n(x)n(x)]al.(a) \0{a)) . 

Using the expansion of the boson fields, a{x) and 7t{x), in momentum space, 
the Bogoliubov transformation and the commutation relations, the two terms 
of the matrix element are calculated. For instance we have 

{0{a)\a{x)al{a)\0{a)) = e'''''' coshe{k;a), 

Combining these factors, the amplitude for the process is 

Mfi{[5) = A[cosh(A;; a) cosh6'(A;i; a) cosh.9{k2; a) 

— sinh6'(A;; a) sinh^(A;i; a) sinh6'(A;2; «)]• 

Note that the indices "1" and "2" in ki and k2 are refereing here to particles. 
The decay rate for the a-meson is given as 



d^kid^k2{27ryS\k - ki - k2) ,,^ , ,,2 
2w J (2«;i)(2w2)(27r)3(27r)3 

A^ f d^ki d^k2 .4 , 



r(w,a) = ^ I \^ '\^' ..: .„./.„ \Mf^{a 



32tf;7r2 J wi W2 
where 



'-6 {k - ki - k2)W{w;wi,W2;a), (54) 



W{w; Wi,W2; a) = \ cosh.9{k; a) cosh6'(A;i; a) cosh.6{k2; a) 

— sinh 9{k; a) sinh 9{ki; a) sinh 9{k2] «) |^, 



with 



Wi = J nf + m^, w = vkM-M^. 



Using sinh^ 6'(A;; a) = v^{ka](y) = n{k;a) and cosh^ 6'(A;; a) = u^(k;a) = 1 
n{k; a), we have 
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W{w;wi,W2;a) 



yl + n{k;a) \Jl + n{ki]a) \Jl + n{k2]a) 



+ 



^n{k;a) ^n{ki;a) ^n{k2;a) 

- 2 9^c{ [1 + n{k; a)] [1 + n{ki; a)] [1 + n{k2; a)] 

X n{k;a)n{ki;a)n{k2;a)y''^. (55) 



Considering the rest frame of the decaying particle: w = M, k = 0, Wi 



k] + m? = Vt? 



m^ 



w. 



Q ' 



and the case of temperature only, i.e. a 



{l3, 0, 0, 0), we recover the result derived in Ref. [56] . 

One aspect to be emphasized is the notion of quasi-particles. The energy spec- 
trum of the particles taking place in the reaction has changed as a consequence 
of the compactification. This new spectrum corresponds to the energy of the 
quasi-particles. The broken symmetry here is due to a topological specification 
in the Minkowski space-time. This interpretation is valid also for the thermal 
effects, considered from a topological point of view. 



6 Concluding remarks 



In this paper we have developed a theory for quantum fields defined on a D 



-dimensional space-time having a topology Tj^ = (§ 



l\d 



I^-^, with 1< d< 



D. This describes simultaneously spatial constraints and thermal effects. We 
use the modular construction of c*-algebra as a key tool. With the modular 
group, we study a *-representation of Lie algebras, specifically analyzing the 
Poincare group. The propagator for bosons and fermions is found to be a 
generalization of the Fourier integral representation [^115] of the imaginary- 
time propagator. Some results deserve to be emphasized. 

(i) Considering d = 1, with the compactification parameter being /3 = 1/T, 
we show that it is possible to develop a consistent real-time quantum field 
theory at finite temperature T, where the propagator is given in the Fourier 
integral representation. Therefore, there is no need to use a 2 x 2 matrix 
structure for the propagator and for the generating functional, as is the case 
in TFD and in the Schwinger-Keldysh approach. This is a simplification in 
the formalism, that is explored here for the general case of the topology F^. 

(ii) Using the modular representation, we study the Poincare group. The mod- 
ular conjugation is defined in order to respect the Lie algebra structure. 
This procedure provides a precise way to define the modular conjugation 
for fermions [51]. 

(iii) The extension of the formalism for abelian and non-abelian gauge-fields is 
developed using functional methods. 
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(iv) The S-inatrix is introduced, and as an application we calculate the space- 
compactification effect in a decay process. 

(v) The compactification is described as a process of condensation in the vac- 
uum state, |0(a)). The parameter a describes the topological effects, which 
modify the energy spectrum, giving rise to the notion of quasi-particles. 

(vi) The Fourier integral representation of the propagator is separated into a 
divergent part and a finite contribution from the topological effects. This 
feature has proved to be useful in the study of numerous processes [7IIT2] . 

Acknowledgements: The authors thank the agencies NSERC from Canada 
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A Fourier integral representation of the Green function 

Consider a scalar field at finite temperature, such that the Green function 
satisfies the Klein-Gordon equation written in a D-dimensional Minkowski 
space, 

{U + m^)G{x-y-p) = -5{x-y). (A.l) 

We take the Fourier integral representation of the Green function as derived 
in Refs. |1] and [5J, written for M^, 

Go(x -y;^) = J £^ G,{p- /3), (A.2) 

where 

Go(p; /3) = G,{p) + fp{p')[G,{p) - Gl{p)l 
where 

and 

G,{k) = , ~^„ . . 

The thermal theory corresponds to a topology S^ x M"^"^. Now we would like 
to generalize the theory to the topology §^ x S^ x M^^'^, i.e., compactification 
of time and one spatial dimension. We choose that the x^ direction is com- 
pactified with a period Li. Observe that the topology does not change the 
local properties of the system. This implies that locally the Minkowski space, 
as well as a differential equation defined by an isometry, such as the Klein- 
Gordon equation, are the same. However, the topology imposes modifications 
on boundary conditions to be fulfilled by the field and the respective Green 
function. 
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The new Green function satisfies the periodic boundary condition, 

G(x°, x\ x; /3) = G(x°, x^ + Li, x; /3) = G{x + LSi- /3), (A.3) 

where ni = (nj*) = (0, 1, 0, ... , 0) and x = (x^, . . . , x^~^). A solution of 
Eq. (jA.ip . satisfying this condition, is obtained by using the Fourier expansion 

1 °° r rln rl^~'^rt 
G{x-y-L,-p) = - Y: / ;°,D 1 e-^"(-^)Go(Pn;Li;/3), (A.4) 

-^1 n=-oo"' l^^J 

where 

Pn = (P0,Pln,P), Pin = ^— , P = (^2, • • • , PD-i), 

GoiPn, L,; /3) = GoiPn, Li) + //3(/)[Go(p„; Li) - G*,{pn, Li)] (A.5) 

and 

GoiPn; L,)= ^ ~2 , • • (A-6) 

p„ — m^ + 25 



Inversely, we have 

rL 
/o 



G'(p„;Li;/3) = f ' dx^ f dx'^d^-^^e'P-^Gix] W, (3). (A.7) 



To obtain the Fourier integral representation of G{x—y; Li, 13), we first perform 
a sort of Wick rotation such that Li — )■ —iL[; this allows us to proceed in a 
similar faction as in the case of temperature. Then, we write G{x — y; L[; 13) 

as 

Gix-y; L[; (3) = 9{x^ -y^)G^{x-y; L[; p) + e{y' -x')G<ix~y; L[; (3) (A.8) 
and, from Eq. (lA.Sp . we have 

^^(a:;^;;/?) 1^^, = G>{x-,L\; P) |,,_,^, . (A.9) 

Then, Eq. flA.7l) reads 

G(p'„;L;;/3) = f ' ' dx^ f dx^d^-^^e'^'^'^G^ix] L[; P), (A. 10) 

where p'l^^ = 2nn/{—iL[). The Fourier integral transform of G{x — y;L[;/3), 
denoted by G{p; L[; (3), is 

Gip; L[; (3) = G^'\p; L[; /3) + G^'\p; L[; (3), (A.ll) 
where 

G^^\p; L[; (3) = fd^xe'P''e{x^)G>{x;L[;(3), (A.12) 

G^^\p; L[; (3) = fd^xe'P''e{-x^)G<{x;L[-p). (A.13) 
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Writing 



G>{x-L[-P) 



^ ^ e-^^'G>(p;L;;/3) 



(27r)^ 
and using the integral representation of the step function 



-ik^x^ 



dk' 



k^ + p^ + is 



in Eq. flA.12p . we have 



^(1) 



dk^G^{pQ,ki,Y)\L'^\P) 
27r k^ — p^ + ie 

G<{x- L[; (3) = J ^e-^P^G<b; L[; (3), 
and using the integral representation of the step function, 



G'" {p; L[; f3) = z 



With 



dk^- 



-ik X 



k^ + p^ — ie 



27rie'P''''e(-x^] 



in Eq. flA.lSp . we obtain 



G^'\p;L[-^) 



dk''G^{po,ki,p;L[;(3) 
2tt k^ — p^ — ie 



Substituting Eqs. (lA.lSp and (IA.16P in Eq. ( lA.lip . we get 



G{p;L[;P)=t I — 

Zti 



G {po,ki,p]L[;f3) G {po,ki,p]L[;(3) 



/ji _ pi _l_ .[^ 



k^ — p^ — ie 



(A.14) 



(A.15) 



(A.16) 



(A. 17) 



^Froni the periodicity of the Green function, we have 

G''{p;L[;P) = e'^'^^'G^{p;L[;P). 
Defining 



we write 



Then we have 



h'Sp'] 



oL{p^ - 






'L'^h 



«i=l 



G''ip;L[;l3) = h'y)Aip;L[;(3) 
G<(p;L;;/3) = [h>ip') + l]A(p; L',; /3). 



Aip; L[- /3) = G<(p; L\- (5) - G^{p; L[; /3). 



(A.18) 



(A.19) 
(A.20) 
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With these results, Eq. f lA.17p reads 






27T 



k^ — p^ + is 



[/^;(A:^) + l]A(po,fci,p;L;;/3) 
k^ — p^ — is 



(A.21) 



We do not have as yet an exphcit expression for A{p; L[] P). To determine this 
function, we use the fact that we know G{p'^; L[; (3), as given in Eq. flA.lOp . 
Using Eq. flA.14p . we have 



G{p'n,L[;P) 



J J (27r)^ 



From Eq. (IA.19|) and the integral representation 



-iL[ 



1 



fvSk')p'^-k^' 



we obtain 



G{p'^-L[-P) = i 



dk^ A{po,ki,p;L[;l3) 



27r p'^ - k^ 

where A{p; L[; (3) is the generalization of the spectral function associated with 
the momentum p^ . 

We consider the analytic continuation of G{j)'^] L'^\ f3) to take p'^ to be a con- 
tinuum variable, p^. The only possible analytical continuation of G{p'^; L[; (i) 
without essential singularity at p — )■ oo is the function 



go{p-,L[;i3) = i 



dk^A{po,ki,p;L[;/3) 



27r 



p^ — k^ 



where, by definition, 

goip;L[;P)=Goip;L[;P). 

Using this result, we calculate A{p) by showing that 



(A.22) 



Gip;^) = GoiPo,P^ + i£,P;L[;l3) -GoiPo,P^ -ie,p;L[;l3) 

1 1 

27r 
dk^ 



dk^ 
I I —A{po,ki,p;L[;(3) 



p^ — k^ + is p^ ~ k^ — ie 

— A(po, A;i, p; L\- P){-2m)5{p' - k'). 

Zn 

This leads to 

A{p]L'^]l3) = go{po,P^ + i£,P;L[;f3) -Qo{po:P^ - ie,p;L[; /3) 
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which describes a discontinuity of Go{p] Li; (3) across the real axis p^. 
Using the identity 

5{x^ ~y^) = -— [5{x + y) + 5{x - y)] , 

the Fourier integral representation of G{x — y] L[; /3) can be written, after some 
calculations and transforming back L[ — )■ iLi, as 

G{x - y; Li; f3) = f -fP-e-'^^^'y^Goip) + fLAp',p')[Go{p) - G*{p)]}, 



(27r)^ 

(A.23) 
where 

fLAp',p') = Mp') + JlAp') + 2/^(/)/^,(pi), (A.24) 

with 

oo 
h = l 

In this representation, one important result is that the content of the flat space 
is given in a separated term involving only Gq{p), while the topological effect 
of r|) is present in the term with fiiisip^jP^), describing compactification of 
space and time. In addition we obtain: for L — )■ cxd , fiipip'^^P^) — > fpip'^)^ and 
for /9 — )■ oo , fh^pip^.p^) — )■ fiiip^), a consistent result. 

For fermions, due to the nature of the statistics, one obtains the same expres- 
sion as in Eq. (lA.24p but with 

oo oo 

lo=l 1=1 

The same procedure can be repeated for compactification of several dimen- 
sions, corresponding to the topology F^, for both boson and fermion fields. 
For d (< D) compactified dimensions, x^,x^, . . . , x'^~^, the result is the prop- 
agator shown in Eqs. (iQfTOl) . for bosons, and in Eqs. fl40f41ll42l) . for fermions, 
with faip") given by 



up'')=j:Y.'^''"(i{u.M' 

d oo s 

= E E 2^"' E (-r])^+^-'- exp{-E«..^p'^^}, (A.25) 

where rj = 1 (—1) for fermions (bosons) and {cTs} denotes the set of all 
combinations with s elements, {cxi, cr2, ...0"^}, of the first d natural numbers 
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{0, 1, 2, ..., c? — 1}, that is all subsets containing s elements; in order to obtain 
the physical condition of finite temperature and spatial confinement, ao has to 
be taken as a positive real number, /3 = T^^, while «„, for n = 1, 2, ..., d — 1, 
must be pure imaginary of the form iL„. 
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